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1. Introduction
The principle of equivalence, although expressed explicitly in General Relativity, is
usually implicitly assumed in dynamical system theory. According to this principle
free motion of a dynamical system occurs along the geodesics of the background
space where motion takes place. In other words the geometry of the background
space determines uniquely the kinematics of the dynamical system. This is why
the geodesic equations of a space are so important in the study of the evolution
of dynamical systems. The second factor which makes these equations important
is that when a dynamical system is “moving” under the action of a “force” then
the only change in the equations of ”motion” is that the geodesic equations from
homogeneous differential equations become inhomogeneous, the inhomogeneity fac-
tor being the force in the right hand side of the equations. In short the geodesic
equations of a space are important to study the evolution of dynamical systems.
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The above considerations led to the study of Lie symmetries of second order
ordinary differential equations (ODEs). In a number of papers [1,2,3] it has been
shown that the Lie symmetries of the geodesic equations are elements of the projec-
tive algebra of the space. Furthermore, because the geodesic equations follow from
the geodesic Lagrangian, people have studied the Noether symmetries of this La-
grangian and showed that the Noether symmetries are elements of the homothetic
algebra of the space [4]. The knowledge of Noether symmetries is important because
it provides the Noether currents which can be used for a double reduction of the
equations of motion and, if there is a sufficient number of them, to the solution of
the ODE by means of quadratures.
These studies have been generalized to Lie and the Noether symmetries of cer-
tain classes of partial differential equations (PDEs) [5,6,7,8] and it has been shown
that their generators are from the conformal group of the background space.
The Noether point symmetries are symmetries of the action integral. Therefore
in principle they concern all problems involving an “action” integral even if these
problems do not concern the equations of motion. One such problem is the deter-
mination of the minimal surface area under constant volume in a given Riemannian
space. In this case the “action” integral involves the minimization of a surface and
not of an arc length, as is the case with the equations of motion [9,10,11]. In [11]
the authors have found a relation between the Noether symmetries of the minimal
Lagrangian with the isometries of the underlying space for some specific spaces.
The purpose of this work it to give a geometric proof of this result and generalize
the problem in two directions: (a) in a general Riemannian space (having the ap-
propriate topology in order closed surfaces with a finite volume to exist); and (b) in
a dynamical way, that goes beyond geometry, in General Relativity and dynamical
systems theory. The plan of the paper is as follows.
In section 2, we present the necessary definitions and notation to be used. In
section 3 we determine the Noether point symmetries of the minimal surface action
under constant volume and show that the generators of Noether symmetries are
elements of the Killing algebra of the space. Due to the two dimensionality of the
variation we have conservation currents instead of simple first integrals together
with two extra conditions. In section 4 we apply our results to a general Euclidian
space, spaces of constant curvature and to Schwarzschild spacetime. We also show
how these results can be used to reduce the minimal surface equation form a PDE
to an ODE in the FRW spacetime with dust. Finally in section 5 we draw our
conclusions.
2. Preliminaries
A partial differential equation (PDE) is a function H = H(xi, uA, uA,i , u
A
,ij) in the
jet space B¯M¯ , where x
i are the independent variables and uA are the dependent
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variables. The infinitesimal point transformation
x¯i = xi + εξi(xk, uB) , (1)
u¯A = u¯A + εηA(xk, uB) , (2)
has the infinitesimal symmetry generator
X = ξi(xk, uB)∂xi + η
A(xk, uB)∂uA . (3)
X is called a Lie point symmetry of the PDE H if there exists a function λ such
that the following condition holds [12,13]
X[n](H) = λH , modH = 0 , (4)
where
X[n] = X+ ηAi ∂x˙i + η
A
ij∂uAij...in
+ ...+ ηAi1i2...in∂uAi1i2...in
(5)
is the nth prolongation vector and
ηAi = η
A
,i + u
B
,i η
A
,B − ξ
j
,iu
A
,j − u
A
,iu
B
,jξ
j
,B , (6)
with
ηAij = η
A
,ij + 2η
A
,B(iu
B
,j) − ξ
k
,iju
A
,k + η
A
,BCu
B
,iu
C
,j − 2ξ
k
,(i|B|u
B
j)u
A
,k
− ξk,BCu
B
,iu
C
,ju
A
,k + η
A
,Bu
B
,ij − 2ξ
k
,(ju
A
,i)k − ξ
k
,B
(
uA,ku
B
,ij + 2u
B
(,ju
A
,i)k
)
For PDEs arising from a variational principle Noether’s theorem [14] states
Theorem 1. The action of transformation (1) on the Lagrangian L =
L(xk, uA, uAk ) leaves H(x
i, uA, uA,i , u
A
,ij) invariant if there exists a vector field A
i =
Ai(xi, uA) such that the following condition is satisfied,
X[1]L+ LDiξ
i = DiA
i . (7)
The corresponding Noether flow is the divergence-free vector
Ii = ξk
(
uk
∂L
∂ui
− L
)
− η
∂L
∂ui
+Ai . (8)
where Di is total derivative
Di = ∂xi + u
A
i ∂uA + u
A
ij∂uAj
+ ...
We now proceed to study the Noether point symmetries of the minimal surface
Lagrangian
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3. Noether symmetries of the minimal surface Lagrangian under
constant volume
Consider a Riemannian space V n with line element
ds2 = du2 + hij(u, x
k)dxidxj (9)
where i, j = 1, 2, ..., n− 1. This metric is not in general 1 + (n − 1) decomposable
because hij is a function of u as well as x
k. However if there exist a coordinate
system such that hij = hij(x
k) then (9) admits the gradient KV ∂u and it is
1 + (n− 1) decomposable.
The Lagrangian of the minimal surface enclosing a constant volume is [11]
L =
√
|h|+ |h|hiju,iu,j + λ
∫ √
|h|du . (10)
For this Lagrangian the Noether symmetry condition gives
0 = |h|,k ξ
k + |h|,kξ
khiju,iu,j + |h|h
ij
,kξ
ku,iu,j + |h|,uη + |h|,u ηh
iju,iu,j + |h|h
ij
,uηu,iu,j
+ 2|h|hiku,k(η,i + uiηu − ξ
r
,iur) + 2|h|(ξ
k
,k + ξ
k
,uuk) + 2|h|h
iju,iu,jξ
k
,k (11)
λ
(∫ √
|h|du
)
k
ξk + λ
√
|h|η + λ
(∫ √
|h|du
)
(ξk,k + ξ
k
,uuk) = A
k
,k +A
k
,uuk . (12)
In (11) comparing the coefficients of powers of ui we find
(ui)
0 : |h|,uη + 2|h|ξ
k
;k = 0 ; (13)
(ui) : h
ikη,i + ξ
k
,u = 0 ; (14)
(uiuj) : |h|(h
ij
,kξ
k−2ξ(i,k))+(2|h|hijξk,k+|h|,kξ
khij+|h|,uηh
ij)+|h|hij,uη+2|h|h
ikη,u = 0 .
(15)
The third condition yields
− 2ξ(i;j) + hij,uη + 2h
ikη,u = 0 (16)
where the covariant derivative is with respect to the metric hij in the n − 1 space
{xi}.
Similarly, comparing coefficients in (12) we get
(ui)
0 : λ
(∫ √
|h|du
)
k
ξk + λ
√
|h|η + λ
(∫ √
|h|du
)
ξk,k = A
k
,k ; (17)
ui : λ
(∫ √
|h|du
)
ξk,u = A
k
,u . (18)
To obtain X and A we need to solve the resulting Noether symmetry conditions
for the above Lagrangian.
Contracting (16) with hij and using (13) we find η,u = 0, i.e. η is a function of
xi only. Thus (16) reduces to
2ξ(i;j) = ηhij,u . (19)
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Now for the metric given above
LXgab = [hij,uη + 2ξ(i;j)]δ
j
bδ
i
a + 2[ξ
i
,uhji + η,j ]δ
j
bδ
u
a + 2η,uδ
u
b δ
u
a . (20)
As η is not a function of u we have the condition
LXgab = 0 . (21)
In other words, the Noether vector for the Lagrangian is a Killing vector of the
ndimensional metric.
For the gauge vector the condition (18) reduces to
Ak = λ
∫ [(∫ √
|h|du
)
ξk,u
]
du +Φk(xi) (22)
where Φk(xk) is an arbitrary function of its argument, which must, by (17) satisfy
Φk,k = λ
(∫ √
|h|duξk
)
,k
+ λ
√
|h|η − λ
[∫ (∫ √
|h|du
)
ξk,udu
]
,k
. (23)
Therefore concerning the Noether symmetries of the minimal surface Lagrangian
we have the following theorem:
Theorem 2. The Noether point symmetries of the Lagrangian of the minimal
surface enclosing a constant volume in a space are the Killing vector fields X =
ξi(xk, u)∂i + η(x
k)∂u of the space, provided there exists a vector field A
i(u, xk)
given by the expression
Ak = λ
∫ (∫ √
|h|du
)
ξk,udu+Φ
k
(
xk
)
, (24)
where
Φk,k = λ
(∫ √
|h|duξk
)
,k
+ λ
√
|h|η − λ
[∫ (∫ √
|h|du
)
ξk,udu
]
,k
. (25)
In the case of the minimal surface Lagrangian without the constraint of constant
volume, that is when λ = 0, we have the following results:
Corollary 3. The minimal surface Lagrangian
L =
√
|h|+ |h|hiju,iu,j , (26)
admits as Noether point symmetries the vector field X = ξi(xk, u)∂i + η(x
k)∂u,
which is the generic Killing vector of the space with metric (9). The corresponding
Noether gauge field satisfies the conditions Ak,k = 0 and A
k
,u = 0.
Corollary 4. If the minimal surface Lagrangian admits the GN Noether algebra,
then max(dimGN ) =
1
2n(n+1) if and only if the space is a maximally symmetric
space, i.e. has constant curvature.
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4. Applications
In this section we apply theorem 2 to determine the Noether point symmetries of
the minimal surface Lagrangian (10) in some interesting cases.
4.1. The Euclidian case
For simplicity and in order to demonstrate the application of theorem 2 we consider
a surface r = r(θ, φ) in 3d Euclidian space E3, whose metric in spherical coordinates
r, θ, φ is:
ds2 = dr2 + r2dθ2 + r2 sin2 θdφ2 . (27)
Obviously the restriction to dimension 3 is of no importance. The metric hij =
diag(r2, r2 sin2 θ) yields |h| = r4 sin2 θ. The Lagrangian of the minimal surface
enclosing a constant volume is
L =
√
r4 sin2 θ + r2 sin2 θr2,θ + r
2r2,φ +
λ
3
r3 sin θ . (28)
The KVs of E3 in spherical coordinates are
a. The subalgebra of rotations SO(3):
K1 = sinφ∂θ + cot θ cosφ∂φ , (29)
K2 = cosφ∂θ − cot θ sinφ∂φ , (30)
K3 = ∂φ . (31)
b. The subalgebra of translations T (3) :
T 1 = sinφ sin θ∂r +
cos θ sinφ
r
∂θ +
cosφ
r sin θ
∂φ , (32)
T 2 = cosφ sin θ∂r +
cos θ cosφ
r
∂θ −
sinφ
r sin θ
∂φ , (33)
T 3 = cos θ∂r −
sin θ
r
∂θ . (34)
From (24) we compute the Noether gauge vectors Ak. We have∫ √
|h|du =
∫
r2 sin θdr =
1
3
r3 sin θ . (35)
therefore
Ak =
λ
3
sin θ
∫
r3ξk,rdr +Φ
k
(
xk
)
, (36)
where ξk is the projection of any KV, Xa, in the θ, φ space where Φk(θ, φ) satisfies
(25).
For the translation T 1 we have
η = sinφ sin θ , ξi =
cos θ sinφ
r
∂θ +
cosφ
r sin θ
∂φ . (37)
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hence
Ai(T1) = −
λ
6
r2(sin θ cos θ sinφ∂θ + cosφ∂φ) + Φ
i(θ, φ) . (38)
Similarly we compute
Ai(T2) =
λ
6
r2(sin θ cos θ cosφ∂θ − sinφ∂φ) + Φ
i(θ, φ) (39)
Ai(T3) = −
λ
6
r2 sin2 θ∂θ +Φ
i(θ, φ) . (40)
The rotations give zero gauge fields. These results agree with those of [11].
4.2. Spaces of constant curvature
We consider next the surface θ = θ(φ, ψ) in 3d Euclidian space S3 in spherical
coordinates θ, φ, ψ with metric:
ds2 = dθ2 + sin2 θ(dφ2 + sin2 φdψ2) . (41)
Obviously again the restriction to 3d is not important. In this case the metric
hij = diag(sin
2 θ, sin2 φ) and hence |h| = sin4 θ sin2 φ.
The Lagrangian of the minimal surface under constant volume is
L =
√
sin4 θ sin2 φ+ sin2 θ sin2 φ θ2,φ + sin
2 θ θ2,ψ +
λ
2
sinφ
(
θ −
1
2
sin(2θ)
)
. (42)
The S3 admits six non-gradient KVs,
X1 = sinφ sinψ ∂θ + cot θ sinψ cosφ∂φ + cot θ
cosψ
sinφ
∂ψ,
X2 = sinφ cosψ ∂θ + cot θ cosφ cosψ ∂φ − cot θ
sinψ
sinφ
∂ψ,
X3 = cosφ∂θ − cot θ sinφ∂φ, (43)
X4 = sinψ ∂φ + cotφ cosψ ∂ψ,
X5 = cosψ ∂ψ − cotφ sinψ ∂ψ,
X6 = ∂ψ.
The KVs X1−3 do not satisfy conditions (24), (25) and hence do not provide
Noether symmetries. Therefore the Noether symmetries are the KVs X4−6 with
corresponding gauge functions Ai (θ, φ, ψ) = Ai (φ, ψ), where Ai,i (θ, φ, ψ) = 0 .
We note from Corollary 3 that the minimal surface Lagrangian without the
constraint of constant volume (i.e. λ = 0) admits all the KVsX1−6 of S
3 as Noether
symmetries.
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4.3. Schwarzschild spacetime
Consider the empty static spherically symmetric spacetime
ds2 = −eν(R)dt2 + dR2 + eµ(R)(dθ2 + sin2 θdφ2). (44)
We consider the surface R = R(t, θ, φ) and apply the above analysis. The metric
hij = diag(−e
ν(R), eµ(R), eµ(R) sin2 θ) (45)
gives |h| = eνe2µ sin2 θ. Therefore the Lagrangian of the minimal surface enclosing
a constant volume in this space is
L =
√
eν+2µ sin2 θ − e2µ sin2 θR2,t + e
ν+µ sin2 θR2,θ + e
ν+µR2,φ+λ sin
2 θ
∫
eν+2µdR .
(46)
The static spherically symmetric spacetime admits four Killing vectors which are
the generators of the so(3) algebra and the vector ∂t. These vectors are independent
of the variable R. Therefore from Theorem 2 these KVs are the Noether symmetries
of this Lagrangian with vanishing gauge fields Ai.
Our examples are all consistent with the statement given as Theorems 1 - 3 in
[11] and can, to that extent, be taken as support for those theorems.
4.4. FRW spacetime
Consider the surface t = t(x, y, z) in a FRW spacetime
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) . (47)
The metric hij = diag(a
2, a2, a2), |h| = a6. Therefore the minimal surface La-
grangian is
L =
√
a6 + a4(t2,x + t
2
,y + t
2
,z) + λ
∫
a3 (t) dt. (48)
For a general function a(t), this spacetime admits the vector fields ∂x, ∂y, ∂z, (trans-
lations) and the SO(3) (rotations of the Euclidian space in Cartesian coordinates)
as KVs. These vector fields are independent of the variable t. Therefore these KVs
are Noether symmetries of the FRW Lagrangian with vanishing gauge fields Ai.
In order to show how the Noether point symmetries are applied we select the
special case of the dust universe; For this spacetime a (t) = t
2
3 . The minimal sur-
face equation in this spacetime which results from the Lagrangian (48) is a second
order PDE which independent variables {x, y, z}. We select the two Noether sym-
metries ∂y, ∂z. Because these Lie symmetries (Noether point symmetries are also
Lie symmetries) commute i.e. [∂y, ∂z] = 0 the reduction of the equation by one of
these vectors will lead to an equation which will admit the remaining vector as a
Lie symmetry. As it is well known [13,14] this reduction is realized by means of the
zero order invariants of the symmetry vector.
The zero order invariants of ∂y which are {x, z, r (x, z)} hence reduction by ∂y
reduces the equation to the variables x, z. Further reduction of the reduced equation
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with the second Lie symmetry ∂z whose zero order invariants are {x, s (x)} reduces
the ODE to an ODE, which turns out to be
3s
8
3 s,xx − 8s
5
3 s2,x − 6s
3 − 3λ
(
s2 + s
2
3 s2,x
)√
s4 + s
8
3 s2,x = 0
where t (x, y, z) = s (x) . Similarly one can apply the remaining symmetry vectors
in order to reduce the minimal surface equation. We note that the classification of
the invariant solutions of the minimal surface equation in the E3 can be found in
[9,10].
5. Conclusion
We have determined the minimal surface Lagrangian in an n−dimensional Rieman-
nian space. Furthermore we have shown that the Noether point symmetries of this
Lagrangian are elements of the Killing algebra of the space where Lagrange equa-
tions are stated. The determination of Noether symmetries is a useful tool because
they provide conservation laws which can be used in order to reduce the order of the
differential equation. This implies that if there are enough Noether symmetries it
may be possible that one is able to find the solution of the minimal surface equation
by means of quadratures. We have demonstrated the results by a number of exam-
ples and it has been shown that they agree with those of the literature, whenever
applicable. A possible extension of the present study would be the determination
of the Lie point symmetries of the minimal surface equation and the use of the first
order invariants in the expression of this equation in terms of invariant coordinates.
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